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Abstract

Two algorithms for allotment along a fixed path are given. One
is equipped with a floor function to handle indivisible goods. This
variation is shown to be a case of sequential allotment, for which
a general algorithm is also given. The conclusion indicates which
properties of both types of allotment carry over to each case of them.
The assignment of “bads” is shown to be the allocation of negative
goods.
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1 Introduction

Eranism (see Part 1) has a strategy-proof allocation already. For, if a person
asks more goods than needed in reality then the time to produce them raises
the general upper bound on labour time, which implies that the person might
have to work longer than when the true amount of goods were asked. How-
ever, this encouragement is rather weak. Therefore, the allotment proper
should be strategy-proof.

Candidate non-monetary mechanisms for this are partial allocation [8] or,
in presence of scarcity and priorities, sequential allotment (as used here) if
not any of its generalisations [19, ?]. If goods are distributed along certain
pathways, then they can be made to obey egalitarian transfer [5] or, more
generally, the uniform gains rule [20]. If other natural desiderata are im-
posed, then the theorems below show that little choice is left: fixed-path or
sequential alloation.

Allotment along a fixed path is characterized in [18]. Sequential allotment
is characterized in [4] and, especially for indivisible goods, in [3]. This doc-
ument presents two algorithms for fixed-path allotment, one using an index
(the residual) and the other based on an iteration (“terminal adjustment”)
which is cast as sequential allotment. Also a quite general algorithm for se-
quential allotment is given to support an example. (No such algorithms are
presented in the aforementioned literature.)

For indivisible items, the uniform rule has been implemented as a kind
of round-robbin allocation, where goods are distributed in rounds along the
agents and at each round, at most one item is allotted to each agent. (See Ex-
ample 1, p.655 of [19].) Here, the iteration for fixed-path allotment is equiped
with a floor function. The result can be cast as a sequential allotment, so it
inherits some desirable properties, as summarized in the conclusion.

2 Preliminary Definitions

First, some general notation [18]. Let Z be either the real numbers or the
integers, both positive and negative. Let [a,b] := {z € Z | a < z < b} for real
numbers a and b. Let there be n agents for n > 2 and let N := {1,... ,n}.
For z in Z" let 1z := Y | 2;, which is the inner product of the row vector z
and the column vector having entries 1 of suitable dimension.! Further, let

!This notation is used in [21, p.595].
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%,..; = Z|{,. ;3 be the projection (restriction of z as a function) to ,...,j
for some 7 and j in N. So 1z, ; = Zf;zi zx. Let Z™ be partially ordered as
follows: For vectors x and y in Z" let x < y denote x; < y; for all  in N. The
inverse of a function f is denoted by f~ to avoid confusion with f~! =1/f.

2.1 Demands and Burdens

For i in N let X; > 0 in Z be bounds. Let o, := I[1,]0,X;] and p_ :=
=X, 0]. Let p := o4 Ugp_ be the vectors either having all elements
non-negative or having all elements non-positive. Let z in @ be the ideal
points of agents and 7 in @ their reported ideal points. Positive vectors x
or r are a demand and vectors in p_ are a burden mimicked by a negative
“demand.” Let 1o in [-1X,1X] be an artificial point which is the same for
all . It need not always be known and is not a coordinate of r.
The remainder of this section is intended for the fixed-path mechanism
but treated prior to it because it is independent of M, the amount to be
allotted.

2.2 Indices

The following is only needed for the method of indices, not for any iterative
computations. Let © be a subset of the real-valued numbers which contains
a smallest and a greatest element. Suppose x; in © for ¢ = 0,1,...,n are
increasing: o < 1 < -+ < x,. Let x = (x1,29,...,2,) and suppose
ro = min O, that is, ¢ is an artificial element independent of x. Let # in ©.

Definition 1 (Index) If6 < x,, then let b,(f) := min{i =1,...,n | x; > 0}
be the upper index or break index?® of z. For any 0 the lower index or
residual® of x is given by T(0) := max{i =0,1,...,n | z; < 0}.

Notice that z( is not derived from the parameter x, that b, does not
need zo, and that § > z,, would imply that b, is undefined.* If b,(0) is
mentioned then 6 < z,, is presuppoed.

2The term ‘first passage time’ is reserved for the equal sign [14, pp.121, 264].
3In stochastics, it is the renewal process [14, p.279)].
4Extending b, for z,,+1 = max© would leave b, (7, 1) undefined.



Lemma 1 (Index) The lower index is well-defined. If confined to {z; | i =
0,...,n} it is the inverse of x restricted to T(O), which is the range of T
applied to ©. So, with those restrictions, rzg) = 0 and ZT(x;) = i. For
a = T(0) one has 0 € x4, xa41) if a =0,....,n—1 and 0 € [z,, max O] if
a=n. Forb=0.(0) one has 0 € [xy_1,7) andb=a+1ifa=0,...,n—1.

Proof From the appendix: Z(0) is the residual of the series z; it is well-
defined because the least element of © is in the range of = (this can also
be checked directly.) By definition, x; < @ for all i = 0,...,n. Suppose
a =20,....n—1. Then 6 < x,,,. For, if 6 > x,,1 were the case, then
Z(f) > a+ 1, a contradiction.

It is easily seen that a < n — 1 is equivalent to # < z,,. As to the upper
index, its existence (0 < z,,) implies a + 1 < n. From 6 in [z,,2,.1) follows
that x; surpasses 6 if i goes from a to a + 1. So, b = a + 1 by definition of b
and this in turn yields the interval indexed by 0. =

Notice that the interval [x,, ,41) is not empty as z, < x,41 for a = 7(6).
For example, suppose min © = zy = 1 < a9 then T(xg) = 1 s0 x¢ in [z, z2).

3 Sum of Minima

The sum of minima is an expression depending on a number A\ which is to
be found for fixed-path allotment. Using a vector instead of a number A is
subject of sequential allotment.

Let W := [-1X,1X] and g : W — @ be monotonous, that is, in every
coordinate.
Example 1 For n = 2 let ¢;(\) := [4] and go(\) := [3]. Their sum
is A (distinguish even and odd A) but agent 1 will consider g unfair for the
allocation problem below. m

Definition 2 (Sum of Minima) For A in W define z;(\) := min{r;, g:(\)}
and h(\) := 1z(X\). Also let y; = z;(N).

So h(A\) =X, min{r;, g;(\)}. Notice that h and z are parametrized by g
and 7.

reconsider
bounds



If X is to solve the allocation problem, then r,, will not meet the condition
rn < gn(A). Suppose A exists so that r, < ¢, (A). Then r; < g;(A) for all j
in N. Let Ay(r) == min{\ € W | r < g(A\)}. (According to the appendix, g
is the residual of A, that is, A, = g.) Of course, r < g()\) is equivalent to
h(\) = 1r. The order of the coordinates of r implies that A, (r) = min{\ €
W | rn < gn(A)} once this minimum exists. Let A_(r) := argminyew 1g(A)
be the A for which h(A) is least. So A_(r) = —1X. Let Hy := h(A+(r)) so
H_:=1¢(—1X) and H, := 1r. Let [H_, H{] be the range of h.

Definition 3 (Auxiliary Variables) Let gy : W — ¢ be a strictly monot-
onous function and let ro := go(A_(r)). For j =0,...,n define the function
Gj = Z?:j Gi-

Forj=1,...,nlet Rj := 5;11 r; with the convention that Ry = 0.

The definition of ry allows Definition 2, p.7 of a residual. Ordering the r;
for i = 0,1,...,n for non-invertible ¢ is only of theoretical interest so-far. It
is helpful to think of the agents as runners ¢ who have set personal goals 7;.
They start running at the same time and follow a course g;(\) as time A
proceeds. If they reach r; then they stay there (their demand r; is capped
by ¢;(A).) Runner 1 is the one who reaches some r; first, number 2 who
arrives at some r; next, and so on. The strict order is characterized by the
fact that runner 2 is still running if runner 1 is but there also is a time when
runner 1 has stopped and runner 2 has not.

Definition 4 (Order) Define the shortage ay (i) := r;—g;(\) fori =0,1,...
Let D; :={\ € W | ay(i)} contain the \ for which the demand r; is hon-
oured, that is, not capped by g;(\). Let the order of ro and r be given by
Ty vy TiyeewyTjseo,Tn (Where i < j) exactly if D; C D;.

So, the coordinates of r are ordered by the index ¢ for which r; is first
surpassed by ¢;(\) as A increases. In particular, (rg) = go(A-) < go(N) for
all \’

A construction would be as follows. Suppose the r; are still unordered for



7 in N. Let

A =inf{A|FeN:r<gN}
11 €{i€N|n<gZ~()\1)}
Ao = mf{)\ ‘ di € N\{Zl} < gZ(A)}

s efie N\{i1}|r < g(X)}

A1 = ll'lf{/\ | die N \ {il, Ce ,in_Q} < gz()\)}
In1 € {Z eEN \ {7:1, R 7in—2} | T < gz()‘n—l)}

and let 7,, be the remaining element of N \ {i1,...,4,_1}. Finally, renumber
r; as 1, for kin N. The ry is positioned first.

3.1 Expression for Sum of Minima

In the following, the method of indices is used to express the sum of minima.
This method can be used in spread sheets which do not allow macros, but
each cell expression would have to contain many absolute references, that
need to be manually changed when defining a new allocation, like for the
next week. So, the interval index is more useful for deriving new formulas.

Lemma 2 (Expression for Sum of Minima) The residual (see appendiz)
of a\ evaluated in 0 is:

0 (0) =max{j =0,....,n|r; <g;(N\)}
For a :=a5(0) one has h(\) = Rai1 + Gar1(N).

Proof The a is well-defined because of the definition ry and the order of r.
Furthera h<)\) = ?:1 r; + Z?:a—&-l gz()‘) u

Without consulting the appendix, the expression @,(0) can also be seen
as a notation with a superfluous 0 attached. The inverse for the continuous
case will be computed in the next section but its existence is announced in
the following lemma.

Lemma 3 (Inverses) The equation h(\) = u has a solution for p in [H_, H ]
if g is continuous or g is defined on the integers. On the range h[A_,A.)
one such solution is h(u) = max{\ € [A_,A,) | h(\) < u}.
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If all g; are invertible (in the continuous case: strictly monotonous) then
the solution is unique for p in [H_,Hy). For X in [Ay(r),1X] the value
of h(X) is the constant H, .

Proof First, existence. For the continuous problem, this follows from the in-
termediate value theorem. Now for the discrete problem. From the feasibility
condition follows that 3 | g;(A4+1)—gi(\) = 1. As every term is positive, for
any L subset of {1,...,n} one has deL ge(A+1)—ge(N) < 1. Let I, J, and K
be subsets of {1, ... ,n} so that h(X) = Yicrri+ 2 e7 95(A) and gi(A) < rp <
ge(A+1) for all kin K. So h(A+1) = Xiciux i + Xjenk 9j(A +1). Then
h(A+1)=h(A) =y+ e g;(A+1) —g;(A) for y := 3y i — gr(A+1) < 0.
Therefore, h increases by at most 1 if )\ grows by 1.

Second, uniqueness. For A in [-1X, A (7)) there is an ¢ in N so that
ri > gi(\) for otherwise, r < g(A), that is, A > A, (r), a contradiction.
So, h(A) = Yjen zj(A) is the sum of monotonous functions z; of which at
least z; = g; is strictly monotonous. Therefore, h is strictly monotonous and
the inverse exists. m

Notice that the discrete case has a solution by virtue of the feasibility
constraint.

Example 2 For n = 2 let g;(\) := |A] g2(\) := |2A]| which does not meet
the feasibility condition. Let r = (9, 9) s0 h(A) = g1(A)+g2(N). If Xin [3, 5+
%z) where i = 0,1,2,3,4 then h(\) =0, 1,3,4,6 respectively. m

3.2 Inverse of Sum of Minima

The method of indices is used again to invert the sum of maxima. Suppose
in this section that g is continuous and strictly monotonous. For any real-
valued n-vector = introduce ) := ¢ (x;) for all i in N. So, the order the
entries r; of r now is determined as follows:

This easily follows from Definition 4, p.6 by taking A = r}. Note that rj =
A_(r).



Proposition 1 (Piecewise Graph) If A in [-1X,7)) then h(\) = R, +
Gy(A) where b := by (A) = min{j € N |75 > A}, Also, h(A) = Rap1+Gayi(N)
fora=max{i =0,1,...,n|r, <A}

Proof As A, (r) = r/ the range of A is as indicated. The graph of h is
easily drawn. This yields h(A) = Ry + Gg(\) if 7,_; < A < r}, for some k
in N which is unique because the intervals do not overlap. (Some intervals
are empty, though.) The k equals b as indicated.

An alternative proof is to write h(\) = >, g;(min{r}, A\}) because a
monotonous function respects the minimum, as is easy to see. So h(\) =

o1 7+ 0 gi(N).

Lemma 2, p.7 yields a = @y(0). Observe that a = max{i = 0,...,n |
ri < A}. As in the appendix, a = r/()), the residual of r} as a function of i.
Lemma 1, p.5b givesb=a+ 1. m

The following illustrates Proposition 1, p.9.

Example 3 For weighted gains (see below) g;(A) = w;\ for weights w;. So
Gy(A) = (wp + -+ - + wy,)A. For example, let » = (1,2,3) and w = (2,3,4). If
A =3 then b =2 and h(\) = § while if A = § then b =1 and k() = ¥, as
should be. For wy; = - -+ = w, (the uniform rule) h(\) = Ry+(n—b+1)\. m

As g is invertible, the following definition is allowed: Ly := Ry + Gg(r},)

for k=0,...,n. For R, and G}, see Definition 3, p.6. Notice that gy and rg
are used for k = 0.

Lemma 4 (Index Shift) For k =0,...,n one has Ly = Ryy1 + Gr1(17,)
and h(ry,) = Ly.

Proof The first term of G(r},) is gk(r),) = rr. (Even for k = n this first
term exists. For & = 0 one can add ry to Ry = 0 to yield R; = ry.) Further,
Proposition 1, p.9 yields h(r},) = Ry + Gp(r},) for b = b (r,) = min{j € N |
7. > =k+1. So h(ry) = R + Grya(ry,). =

The function L is used in the break index in the following.



Proposition 2 (Inverse) For p in [H_, Hy) the inverse of h is given by
h=(u) = Gy (1w — Rp) where b = by (u) the break index, that is, b = min{k €
N | Re + Gi(ry) > pi-

Proof The inverse of h is easily derived by expanding the above for differ-
ent k and drawing a graph:

Wl 1)) = B 1), b))

The result is h (u) = G, (u — Ry) if Ly—y < o < Ly for some k in N. This
k is the break index, which is well-defined because 1 < h(r}). =

Lemma 4, p.9 yields that in this proof, the interval for p reads h(r,_;) <
i < h(ry). This better corresponds to the graphical representation. Also
k = bpor (1) = min{j € N | h(r}) > p} is an alternative index which returns
the original interval [Ly_1, Lg).

Let A()\) := S, min{r/, \}. Trivially, the constant M := h(h~(M)) has
the property that 2(\) = M. So, the original problem can be cast as the
uniform rule, but only after the original problem is solved.

Finally, here are two observations that little is gained so-far from order
theory, as summarized in the appendix.

First, let f : N — Z be some function. So f preserves any supremum of
the indices (which trivially is a maximum.) That is, f(supV) = sup f(V)
for any subset V' of the integers, where f(V) = {f(v) | v € V}. Let V := {b}
for b as in Lemma 2, p.10. Let f(i) := R;, which is monotonic. Then
Ry =min{R; |i € N & L; > p}. So, little is gained from this.

Second, let a := max{i =0,...,n | L; < p. (Note: a—1 = bin Lemma 2,
p.10.) So a = L(p), the residual of L, so L is monotonic in 4, which is no
news.

Example 4 Consider again weighted gains, that is, gx(\) = wiA but this

time for weights wy > 0 where k in N. Then Ly = Ry + (wi+ - - - + wy,)rg /wy
for k = 0,...,n and wy # 0 arbitrary. Removing the unnecessary division

10
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by wy yields Ly = oy + Bk, where oy := Rpp =11 + -+ - + 14 and [y =
Wit1 + - -+ + wy,. So

h=(n) = A = (n— o +70)/(ws + B)
=(pu—r1— - —rp1)/(wp+ - +wy)

where b=min{j € N | L; > u}. m
The following applies to y; as in Definition 2, p.5.

Lemma 5 Suppose g is invertible. First, once r; > X for some i in N, then
y; =y for all j > 1. Second, y; <yp < --- <.

Proof First, A <7} <7} So g;(\) < r; and therefore, y; = g;()\), whence
y; = A =y;. Second, consider i and j > i. If r{ > X then y; = y; by virtue of
the previous result. Now consider r; < A. Then y; = r; so y; < A If 7 > A
then yi = A > ;. If r; < Atheny =7 >ri=y, =

This can probably be generalized to non-invertible g and also simplified.

4 Rationing and Assignment

Now for the problem at hand [4]. Let allotment mean rationing of a good
or assignment of a burden. The mapping g (Paragraph 3, p.5) is called an
N-path if it obeys a feasibility condition: 1g(A) = A for all A in W. (This
allows the possibility 1g(\) = M for the allocation problem. The condition
is used in Lemma 3, p.7.) As all coordinates of g are either all positive or all
negative, this implies g(0) = 0.

Let M in W (Paragraph 3, p.5) be the amount to be distributed. An
allotment is a vector from A = {a € p | la = M}. An allotment rule is
a function f(N,M,-) : ¢ — A. If N is fixed, it can be suppressed, and
so can M. The allotment rule turns a vector of reported ideal points r to
allotments which add to M. The z;, r; and f; are functions of a continuous,
n-dimensional utility u but this has not been indicated here. The utility is
single-peaked, to the effect that one can speak of the (reported) ideal points
only. (This is the tops-only or peaks-only property.) Some properties which
identify the methods are as follows.

11



The allotment f is (Pareto) efficient if 1r > M implies f < r and 1r < M
implies f > r. So, for rationing, nobody gets more than reported, for other-
wise the excess allotment might as well be given to those in need. (Without
single-peaked utilities, this is only single-sidedness.)

Further, f is strategy-proofif f(r) < f(z) where f := (uio f1,...,uno fn).
So, no agent ¢ can increase the utility of an allotment by misreporting ;.

Also, f is replacement-monotonic if f;i(r) > fi(x) implies that f;(r) <
fj(x) for all i in N and all j in N\ {¢}. That is, if i gets more by misreport-
ing x; then everybody else gets less. The remainder of this list is from [18].

As a variation, f is resource monotonic if M’ > M implies f(M' r) >
f(M,r) for all r in p, so if there is more, nobody gets less.

Finally, f is consistent if for all ¢ in N,

(f<N7M77n))‘V = f(V7M_ fZ(N’ M,T’),T‘V)

where V := N\ {i}. So, distributing to ¢ first and repeating the procedure f
for the rest amounts (for agents other than i) to applying f to the whole
population.

4.1 Fixed Path Mechanism

If N has to be expressed then the N-path g is written as g(N,-). A full path is
a g which is “consistent” in the sense that for V' C N the ranges g(-, W) obey
g(N,W)|y = g(V, W) where the restriction to V" holds for the first coordinate.
In the following, the dependency of f on g has been made explicit by adding
it as a variable.

To repeat Definition 2, p.5: For rationing, z;(A) = min{r;,¢;(\)} and
y; = zi(A) as well as Y-, min{r;, g;(A\)} = M. Of course, the excess supply
of goods, that is, their underdemand, 17 < M, is not considered a problem.
Neither does M = 0 pose a mathematical problem.

Definition 5 The allotment f is a fixed-path allotment if g is a full path and
y= f(M,r,g) obeysy = z(\) where® X in Z is the solution of h(\) = M. The
problem consists of the condition 1r > M. The mechanism is an allocation
or rationing of goods (there is excess demand) if M > 0 and r > 0 as well as
g>0. If M <0 andr <0 as well as g < 0 then there is an excess burden,
that is, it is an assignment of ‘bads’ with a minus sign.

5There seems to be no reason why A should be integer for the discrete problem.
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Only for invertible h the notation y = f(M,r, g) is warranted.

Example 5 Consider for example r = (2,2,3) and M = 3. First distribute 3
evenly amongst {1,2} and 3 and then give priority to agent 1. This yields
Y= (%, 0, g) The path is not consistent [18, p.57]. m

The following states that the problem for excess burden can be repre-

sented as the problem for excess demand by putting a minus sign before r
and M. Define Z;(\) := max{—r;, —g;:(\)} and Y := Z(\).

Lemma 6 (Excess burden) Suppose r < 0 and M < 0 as well as g < 0.
Then the excess burden problem reads 1Z(\) = —M, that is:

> max{—r;, —g:(\)} = -M

ieN
Let X solve h(X\) = M. Then A solves the excess burden problem and Y =
—f(=|M|,—=|r|,—lg|). Also, —1r < —M, that is, the absolute values of the
burden is more than the absolute value of the total ideal capacity.

Proof As is easy to see, min{u,v} = —max{—u, —v} for any u and v. So
Vi=Zi(N) =—yi=—f(M,r,g). =

See Example 9, p.16 below. The solution of the allotment problem h()) =
M is A = h(M), which can computed using the lower or upper index. For
gi(\) = w; A the fixed-path allotment has been coined weighted gains [19].

Example 6 Weighted gains using the upper index b, based on Example 4,
p.10. Suppose r = (1,4,2,3) and w = (1,2,1,1) so " = (1,2,2,3) and
L=(59,9,10). f M =8thenb=2and A=Tsoy= (1,4 7 %) m
Theorem 1 (Fixed-path mechanism) The allocation in Definition 5, p.12
15 efficient, strategy-proof, consistent, and resource monotonous if and only
if it is a fived path mechanism: see [18, p.56] and a straightforward proof
in [9]. The fized path mechanism is also coalitionally strategy-proof [18, p.59]
but not necessarily for single peaked preferences over multiple goods, though
the multidimensional uniform rule actually is strategy-proof [17].

The following is a basic result where M is involved.

13



Lemma 7 If g is invertible, then y,, = A, that is, the last agent’s requirement
s capped.

Proof Suppose, to derive a contradiction, that r;, < A. Then 7} < X for all
i in N, that is, ; < ¢;(A). So 1r = M, a contradiction, and the statement
easily follows. m

As was illustrated above, the solution using the upper or lower index can
not easily be made to work for integer domains. As a preparation for a work-
around, a solution in the form of an iteration is exposed in the following.
This also paves the way for replacing the single A with multiple \; in the role
of gi(N).

An iteration is derived as follows. Start with stage 1, as indicated by
superscripts between brackets. First, consider A(!) so that ri > A3, Then
i > AW for all i in N because of the way the 7; are sorted. So, 31, g;(AY) =
M. Therefore, \M) = (g + -+ + g,) " (M) and y; = g1(AY). As remarked
in Lemma 5, p.11, y; = --- = y,. Now consider the alternative, 7/ < A so
y1 = r1. The process needs to be repeated to solve yo + -+ +y, = M — 1,
(consistency.) As before, if ), > A®) then A® = (go4---4¢,) (M —5,) and
Yo = g2(A?)) as well as yp = - - - = g,. Otherwise, 5, < A2 s0 y, = 7. And
so on until A = g=(M —y; — -+~ — y,_1). Finally, let A := A, The proof
of Lemma 8, p.15 will show that replacing g(A®)) with A in the definitions
y; = min{r;, g;(\?)) preserves y;. This replacement is postponed until the
end of the loop, so the procedure is called terminal adjustment.

In the following definition, the procedure is rather arbitrarily equipped
with a floor function for the discrete problem, that is, for indivisible goods.
Warning: the procedure including the floor function generally ceases to be a
fixed-path allocation. (It has been inserted to maintain a single definition.)
In the further analysis of terminal adjustment, the floor function will be
ignored; its treatment is postponed to the section on sequential allotment.

Definition 6 (Terminal adjustment) Let y be computed from M and r
as follows. For stage k =1,...,n let

AB = (gt ) (M =gy — o — )

and y, = min{rk, | ge(A)) ] } For the real-valued problem, the floor function

is omitted. Finally, \ := A\ though y need not be recomputed (and should
not for the discrete problem.)

14



For the discrete problem, g,(A™) = M —y; — - -+ — y,_1 so the final floor
function has no effect and M is distributed completely. Once gi(A*®) < 7y
the loop can stop, set A := A®) and let y; := min{r;, g;(\)} (possibly with a
floor function) for i = k41, ..., n. The first k for this to happen is k = by, (M)
soy;=mr;fori=1,...,b,(M)—1and y; = gr(\) for i = by (M), ..., n. This,
however, requires computation of By(M). This short-cut is based on the
following lemma, of which the proof shows why a “diagonal element” gj(A*)
is selected.

Lemma 8 One has A\*) < \**V for k =1,... . n—1. Once g.(\®) < 1,
for some k in N then N9 = \®) for all ¢ =Fk,... n.

Proof Let M® .= M —y; —--- —y_; and ¢y = Jk+1 + -+ gn. Then
M® = (gp + o) A®) and M® — 4 = ¢ (A*+D), Eliminating M ®*)
yields @p(AFTD) — gp(A®) = g (AW) — g, > 0 where the > follows from
yr = min{ry, gr(A\*®)}. As ¢ is invertible and monotonic, A1) > \(*),
The > is an equality if gr(A*®)) < 4. In that case, \**D = \®) <yt < Tt
and the argument can be repeated. m

The proof of the following proposition provides a first formal proof of
correctness for the uniform rule. For, the proof in [22] does not indicate that
the A(®) increase with k.

Proposition 3 For divisible goods and burdens, Definition 6, p.14 gives y
as the solution of the fixed-path allotment problem, y = f(M,r,g).

Proof By induction on n. For n = 1 one has A\ = ¢ (M) so y; =
min{r;, M} = M. Now assume the statement to be true for n — 1 where
n>2 Letry:=mry ..., 7,1 :=1r, and let M= M — y1. By the induction
hypothesis, there is a A for which 7= §; = M where §; := min{r;, g;(\)}.
Consistency: yr_1 = yx for k. = 2,...,n. By virtue of Lemma 7, p.14,
A= Gn1=yn =M\ Soyr=min{ry, gx(\)} for k = 2,...,n. The propo-
sition is proved if y; = min{ry, g;(A)}. This is done using Lemma 8, p.15.
If r; > gr(AW) then AV = ... = X = X\ So indeed y; = g1(\). If
1 < gi(AW) then r; < ¢i(A?@) < o < g1 (A™) < g1(N). Again indeed

Yy =171. 1
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Example 7 For weighted gains, let there be weights w; > 0 and let g;(\) :=
w;A for i in N. The requirements are ordered by 7 /wy < -+ < r,/w,. The
solution is

)\(k) ::(M—yl_..._yk_l)/(wk+...+wn)
yp = min {rk, |wp AP | }
for k =1,...,n and for real numbers, without the floor function.

For a concrete illustration, let r = (1,2,3) and w = (2,3,4). So, r is in
the right order. Take M = 5. For divisible goods:

5 11 —
w21 200z Uil
Yo 21 00 ok 25
>\():7 gg()\())zg? ys = 22

So, agents 2 and 3 get a ration. For indivisible goods:

D=2 (D) =1 =1 p=1
2O =1 (@) = 12 =1 =1
A =5 [gs(A)] =5-1-1=3 yy=3

So agent 2 is rationed but agent 3 is not. m

Repeating the procedure for Example 6, p.13 yields y = (1, %, %, E) as is
easily checked.
Example 8 For the uniform rulelet wy = -+ = w, = 1so ¢ = 1/(n—k+1).
For r = (1,2,3) and M =5 one has
2 =[3] =2 Y2 =2
/\(3 =5-1-2=2 y3=2

This discrete case is only an approximation of the uniform rule. =

As promised, here is an illustration of solving the excess burden problem
using Lemma 6, p.13.

Example 9 Similar to Example 4, p.10 consider the problem of solving v
from

1
max{1l,2v} + max{2, 3v} + max{3,4v} = 65
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which is an allotment problem because 1+2+3 < 6%. Definer = (-1, -2, —3)

and w = (=2, -3,—4) so 1’ = (3, 2, 2) which means that the coordinates of

r are listed in the right order. Let M := —6%. So

AW = —% 91()\(1)) = _13 Y1 = —13
_ _ 13 _ _ol _ _ ol

)\(2) = —% 92()\(2)) = _2§ Yo = —25

A =0 g3(\¥) = =25 g3 =3

where the repetition of A®) announces a cap. If 6% is replaced with 9 then
there is no cap and y = (=2, -3,—4) for A\ =—1. =

4.2 Sequential Allotment

The following procedure is from [4]. The word ‘sequential’ refers to the
sequential adjustment of reference points (or endowments) and not to its
iterative nature, which it shares with one of the solutions of the fixed path
allotment. For stage k = 0, ..., n let there be a vector of reference points ¢\¥)
in A. (So 1g® = M.) The initial reference points are

7= q, iflr<M

for some gy and ¢, in A. (The r now are positive numbers.) For stage
k=0,1,...,n (where k = 0 for a preparatory stage) let Q%) be the collection
of subsets of N having n — k elements. As usual, write 2V = Uk=o0....n Q)
Let v <’ v for real numbers v and v denote uw < v if 1r > M and v > v if
Ir < M. Let u <’ v mean v <" v and u # v. If 1r = M then the choice
between these definitions is arbitrary. Sequential allotment is characterized
as follows.

Definition 7 (Sequential allotment) For stage k in N the k-th adjust-
ment is a function®

I® .ol Axp— O0W x Axp

which maps (Q¥1,¢*=D r) to (QW,¢™ r). FEach set Q©,QW, ... QM
1s a called a list of agents for whom processing needs to be finished still,

6 A computer program will adjust a single array g whereas here, a version of ¢ is retained
at every stage.
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where Q© = N and Q™ = (. Let T" :=T™ o T D o...0TM  The
map I'™ is a sequential adjustment if for all i in N, the following holds;” the
expression ‘Q") " has been omitted from T®)”.
1. 3k: Ifry < qgk_l) then qZ(k) =r; to ensure efficiency.
2. Vk: If r; >/ qfk_l) then qgk) >/ qz-(k_l) to ensure efficiency.
3. Vk: If 7 > 1 > g then T(g®,r) = T(¢*V,7) to ensure that
the mechanism is strategy-proof, where 7; is an alternative to r; and
Tj =1; for all j # i.

4. If 7 >' r; then (F"(q(o),f))j <! (F"(q(o),r))j for all j # i to ensure
replacement monotonicity.

The allotment f is sequential® if f(M,r) =T"(N,q®,r).

Note that r is only copied and serves as a parameter: F(k)(q, r) should
read T'")(q). If r is constant, write I'®) instead of I'®). So T'™) : A — A if
the list is not mentioned.

Theorem 2 (Sequential allotment) An allotment rule is strategy-proof,
efficient, and replacement-monotonous if and only if it is sequential; they
are also coalitionally strategy-proof [4, p.16]. All sequential allotment rules
are obviously-strategy-proof. (Consult [2] for divisible and [3] for indivisible
goods.)

Roughly speaking, a mechanism is obviously-strategy-proof if end-users
can restrict attention to extreme cases when determining their strategies and
correctly conclude that misreporting does not increase their utility.

A specific case is as follows. (It is not described, only ilustrated in [4].)
For any @ in 2V \ () and ¢ in A let p := (Q,q,7) be a parameter; constant
elements of the parameter will not be mentioned. For j in N let ¢;(p) be the
share factors or apportionment factors if it meets two conditions:®

"The quantifiers for 7 and k& have been inserted.

8The expression (g;,u) = ... should read (q,u) = ... at the top of [4, p.14].

9A stage k should only be mentioned to simplify implementation because 1. it can be
derived as k = n — |@| and 2. one can not predict at which stage ¢; should share in a
specific manner.
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1. For all parameters p one has ;.o ¢;(p) = 1.

2. Consider r and 7 in p so that there is an ¢ in N for which 7; > r; > ¢;
and 7; = r; for all j # i. Then ¢,(Q,q,7) = ¢,;(Q,q, 7).

Often, a share is apportionned to agents whose requirement can be fulfilled
already; to avoid this, restrict sharing to agents in need by imposing

> oilp) =1

JEQ:T;>q;

instead. To distribute the available amount over the initial reference points in
a way that is consistent with later such distributions, one may define ¢, (N U

{0}) where N U {0} is a dummy so as to let qj(-o) = ¢;(NU{0})M.

Definition 8 (Sequential apportionment) Suppose 1r > M > 0. For
stage k in N define the parameter p*=1) = (Q* =1, ¢*=1 ) and let the k-
th sequential apportioning ¢*) = T'®) (p*=1) be defined as follows. Locally
define
. _ k-1
B = (e QD | D 5 1)

as the set of agents from whom to derive any surplus q§k_1) —r;. If B®) = ¢
then output p*=Y and let £ := k be the number of stages, otherwise continue
as follows. Define the local variable i, := min B*® (an arbitrary choice)

denoting the agent whose requirement is to be fulfilled. Let the new list be
QW = Q*=V\ {i,}. Forjin N let

k-1 k-1 k—1 o
@ =g (0 =)o QW g ) if e QO
(k=1) ;
4 otherwise

and output T® := (QW), ¢®) 1) as the new p™ which can be input of T+,
Once the final stage ¢ has been reached, f(M,r) = ¢'¥ is the sequential
apportionment.

The share factors can be conceived as priorities for sharing, but it is more
customary to reserve the term ‘priority’ for a ranking which is applied before
fixed-path or sequential allotment, though it may be defined as part of those
allotments. Notice that Q™ would be empty so gzﬁj(Q(”)) is not used. Stage n
is even never reached because if it were, then for all 7 in N there would be
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a k so that q(-k_l)

; > r;. Because ¢'® increases with k one would find ¢ > 7.
But M = 1q > 1r > M, which is a contradiction.

The list is not a queue because clients can be served little by little, and
simultaneously, while on the list. To match the mathematical definition, ¢

can be raised to n after making some copies of ¢®.

Lemma 9 (Sequential apportionment) The sequential apportionment is
a sequential allotment.

Proof The domain and range A are respected: Y ;cn qgk) = M for all kin N,

(2

as is easily seen. Obviously, the algorithm has conditions 1 and 2 in Defini-
tion 7, p.17. Conditions 3 is also met: would 7;, > r; > qgffl) as in that
condition, then the second condition on ¢ guararantees that ¢;(Q™, qj(»k_l), T)
5571) — 1, because 1, is
in the role of j in condition 3, that is, r;, = 7;,. Therefore, q® is unaffected
and so is I', for it nowhere else depends on r. For property 4, there are two
cases. 1. If r;, <7, < qff Y then the surplus shared with the list is smaller,
so all get less or the same. 2. If qg:_l)
zero. W

stays the same if r is replaced with 7 and so does ¢

< 74, then the surplus even drops to

Lemma 10 For all j in N there exists k in N so that y; = min{r;, q](-k)}. In

particular, k = { is an example: y; = min{r;, qj('z)}‘

Proof If there is a stage k at which j = 45 then r; < qj(-k_l) and r; = q](-k) =
q](kﬂ) = ... = j(() = y;. If there is no such stage, then r; > q® for all
k=1,...,¢and as ¢ is non-decreasing, r; > ) = y;. =

(k—=1)

Because of the minimum, the surplus ¢; ’ — 7, for iz = min B®) ig

best couched as a slightly modified variable dl(-kfl) = maX{O,qi(k*l) — 1}

for i and k in N. For, ¢" " — q* Y = min{ri,qi(k*l)}. (This is because

u — min{u, v} = max{0,u — v} for any real numbers u and v.) The variable

d*=1 = dl(]]:_l) is used in the following example.
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Example 10 Let ¢;(Q) := 1/|Q)] for a uniform allocation, that is, indepen-
dent of j. Superfluous parameters are henceforth omitted. Consider r :=
(2,1,10) and ¢© := (4,4,4). So M = 12. (As it were, ¢'” = ¢\™" + ¢dV
for q](-_l) =0and d" = M.) For k = 1 one has BY = {1,2} so 4, = 1 while
for the uniform rule, it would have been 2 because of the ordering on the
basis of the coordinates of r. The surplus is d® =4 —2 = 2 and the new list
is QW = {2,3}. As ¢(QW) = 1 one finds ¢V = (2,4+ 12,4+ 12) = (2,5,5).
Indeed, 1¢®M = 12. For k = 2 results i, =2 and dV = ¢{") —ry =5 — 1 =14.
The new list is Q@ = {3}. From ¢(Q®) = 1 follows ¢® = (2,1,5+4). (No-
tice that, just as with the uniform rule, there is a raise qél) = q§0) + 1 while

the next step recognizes that 1 = ry < qél) = 5, which was apparent from

1l=r < qéo) = 4 already. At the next stage, the surplus thereof is added
to q§2). Would the surplus d© = 2 have been added to q§2) rightaway, the
number of manipulations would be the same and generaly, approximately the
same. Notice also that the order by which elements are taken from B™ is im-
material.) For k = 3 the set B® is empty so the output is y = ¢ = (2,1,9)
which is the same as for the uniform rule. =

The following example of a “uniform” (that is, “weightless”) apportion-
ment is from [4, p.15].

Example 11 Let ¢ := (é, ,%, %) be initial endowments. Define

/l@n{L,2} ifje{1,2} andris £ qi2
0;(Q.q,7) =2 1/|QN{3,4}| ifje{3,4} and r15 < g0
0 otherwise

for j in (). Note that r1 2 < ¢; 2 means that r; < ¢; and 7, < go so agents 1
and 2 can both be satisfied. So, share evenly among agents 1 and 2 if any
of them is in need, otherwise among the others, irrespective of whether they
are in need. To check that 1¢(Q, ¢,7) = 1 is easy by distinguishing r1 2 < ¢1 2
and its negation. To check condition 2 on ¢;: let j in {1,2} be so that
r; > ¢;. (This is impossible for j = 3 and j = 4.) Then ¢ remains as is if r;
is increased to 7;.

As a first case, let r; := % so r < q%o) and agent 1 can be satisfied.
Consider stage k = 1. So BY = {1,...} where the dots can only be filled
after a definition of 7 and so on. In any case, iy = 1. (In the sequel, iy, = k

unless indicated otherwise.) As agent 1 is satisfied, y; = q§1) =7 = %. The
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new list is Q) = {2,3,4}. The way the surplus d” =1 — L = L is shared
depends on whether agent 2 is in need. For 7y consrder the following two

cases.

1. Let ro ;=180 1y > qéo) and agent 2 is in need. Consequently,

6(Q.q0 ) ={} 12

0 otherwise

andq2 ——+d ;Soq():(%,g,é,3) Nowforstagek—Q As
T2>q§)—7agent21s not in B®. Suppose 73 =14, = 1. So B® =)

and the iteration halts with outcome y = qW.

2. Let ry := i SO 19 < qé ) =1 As agents 1 and 2 can both be satisfied,

6QW, @,y = {2 i€ 54}

0 otherwise

and this yields ¢") = (ry, £, £+ 3d©, £ + 1d). Remember that d® =
1 so g = (é, :1,), 136, 48) Note that nothlng is added for agent 2, whose

requlrement could have been fulfilled already at stage 1. Now for stage
k = 2. As agent 2 can be satisfied, B® = {2,...} where the dots

depend on r3 and ry. So iy = 2 and Yo = q§2) = ry. Share dV) =

@V =y = T among the new list QY = {3,4} using the same factors

$;(QP, ¢V, r) = 5 for j in QP So ¢? = (11,72, {5 + 3dV, 3§ + 3dV)

which is ¢? = (é, %, %, %). Con81der k=3 Letrs:=1s03 1s not

in B®. For r, consider the following cases.

(a) Letry :=1so B®) = () and the iteration stops, outputting y = ¢®.

(b) Let r4 := 5 + 5; = 2. (If agent 4 were selected at stage 1 then

8
r4 would have been capped by qio) = ) So =1y < qf) = %

yielding B® = {4} and agent 4 is satlsﬁed Wlth ys = r4. The
surplus d® = qf) —ry = E is shared Wlth QB = {3} using the
factor ¢5(Q®,¢?,r) =1 to yreld ¥ = ¢l +d@ = te=1

Consider k =4. As1 =r3 > q ) the iteration stops with y3 = q§3).

Soy = (ry,ra, 1 =1y — 19 — 714, 74).

As asecond case let r; > qZ ) foriin {1,2,3} and ry := = so Ty < qi ) =

k=1so B {4} from which iy = 4 and y4 = ry. Further QW ={

Let

1
3
1,2,3}
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and d© = qio) 7‘4 = g As agents 1 and 2 are in need and have priority,

so g = (L 4+1d® 14+ 13O0 1) that is, ¢ = (1, 3,1 1) For r; and ry
consider the followmg cases.

1. Suppose r1 =ry,=1 Sor > ql ) and ry > qé ). The iteration stops

with y = ¢,

2. Suppose r; = % and r9 = 2 Wthh still obeys o > q() = % So
ry < qgl) = ;and ry < qé) = 2. (Initially, though, ry > qp =z
and ro > qéo) = % as assumed at the outset.) Consider stage k= 2.
Still, r3 > q( ) =1 Without further spemﬁcation yet. So B®) = {1,2}
and i, = 1aswellasy1 —qg) = 7, and dV = 51) r = %. So

2) = {2,3} and as both agents 1 and 2 can be satisﬁed,

1 ifj5=3
(0@ 41 — J
Qb](Q aq 7T) {O lf]:2

aridf)qé? = L4k =8 S0 ¢@ = (r, 3, 2 ry), that is, ¢@ =
(5vﬁ’%’6)' Now suppose rz = 1 At £k = 3, only surplus d® =
q§2) — 1y = i can be got from B® = {2}. The new list is Q® = {3}
and the corresponding factor is 1. So q(3) = % + ﬂ = 13—210 and
¢® = (7“1,7’2,1%,7"4), that is, ¢® = (é, g, 13210,%). This is the out-

put at k = 4, where the iteration stops and essentially outputs y =
q® = (r1, 79,1 — 11 — 19 — 14, 74).

3. Suppose r; > qgl) = % (still unspecified) and, as in the previous item,

rg =3 < ¢ = =. Consider k = 2. Only from B® = {2} can
a surplus be derived: dV = ﬁ — % = i. So y2 = 19 and the new

list is Q@ = {1,3}. Agent 1 is in need, so the factor would be 1 for
agent 1 and 0 for agent 3, were it not that a variation is introduced at
this point: after sharing the surplus from agent 4 to the high priority
agents 1 and 2, now share the new surplus with those who are still in
need irrespective of the priority. So, the formula for ¢; would have to
use the whole history ¢V, ..., ¢%*=1 to determine whether a surplus
was shared already with agents in need. (This seems to be ethically
inconsistent.) So, divide dV) = 2L equally amongst agents 1 and 3.
This yields ¢® = ( + %2—14,7‘2, 5 + 1 224, r4), that is, ¢® = (i—g, %, %, %)
For stage k = 3 consrder the following possibilities.
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. 2
(a) Suppose either r; = % or rz = 1—g. Sor < qg ) = g = % or r3 <

9
§2) = % = %. (Both is impossible, for otherwise, all requirements

would be fulfilled.) This is compatible with r; > qgl) =1_2

4~ 9
and r3 > qél) = % = % as established above. So y; = ry or y3 = r3,
respectively, and the excess is given to the other.

(b) Suppose r; =1 > qf’) and r3 = 1> qé?’) then y = ¢®.

Many other variations are possible. m

This ends the treatment of sequential allotment.

4.3 Synthesis

To finish, the fixed-path mechanism is cast in the form of sequential allotment
and the floor function is considered for the indivisible goods.

A variable qfk) is sought for which 1¢®®) = M for all k in N. The expression
for A®) in Definition 6, p.14 reads ¥ y; + G(A\®)) = M. (See Definition 3,
p.6 for the auxiliary variables.) This means that initially, 1g(A")) = M.
Suppose agent 1 can be satisfied, so y; = r1. For k = 2, the surplus M — r;
is divided according to r; + G2(A?) = M. Thanks to the ordering of 7,
the general identity is Ry + Gy(A®)) = M for b = by, (M). This suggests the
following choice for qgk)

Definition 9 (Sequential adjustment along a fixed path) Forsequen-
tial adjustment along a fixed path, define the reference points, for ordered r,
by

q(‘k).:{rj ifg=1,...,k

5 T (G (M = Rir)) i j=k+1,...m

for k = 0,...,0 where { := max{m € N | Ry,41 < M}, after which y =

q](-m). If the coordinates of r are not necessarily ordered, then define ng) by

replacing the expression for q(»k)

;7 in Definition 8, p.19 with the initialization
q](-o) = ¢;(M) and with

- k—1 o
q](-k) =1 G (Gk+1 (—Tik + 2icq- qz( )>> if jin Q(k)
(k—1) ,
q; otherwise
for k =1,...,n—1 where 7 in N. For the discrete case, continu for k =

(+1,...,n—1 by replacing r;, with p;, = [¢¥].
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The first equation is not an iteration because the outcome does not depend
on the outcome of a previous stage.

Proposition 4 Sequential adjustment along a fixed path is a sequential ad-
Justment (Definition 8, p.19) and outputs the same solution as terminal ad-
justment, Definition 6, p.14.

Proof The first definition follows from S0={ r; + G(A®)) = M where b =
br(M). This yields the second definition after the observation that for each k,
the ‘otherwise’ case is just a copy of r;, where kK < k.

Condition 1 is met as before, also for the discrete case. Condition 2 fol-
lows for real numbers because g; o G}, is monotonous. For integer numbers,
at stage k = ¢ + 1 the original r;, > ¢, is replaced with p;, = |g;, ] so
—pi, > —T;, in the argument of g; 0 G} ;. Condition 3 is fulfilled because the

ex i (k)
pression q;

= g;(Grya(...)) for j in Q™ does not depend on ;. Con-
dition 4 is satisfied because this expression also shows that, if r;, is raised,
where k the particular stage for which i, is set, then every other agent will
not get more. In the discrete case, taking the floor function is immune for

any raise of r;, for k=¢+1,...,n. =

The consequences will be stated in the conclusion.

Example 12 Asin Example 6, p.13 (weighted gains) suppose r = (1,4, 2, 3)
and w = (1,2,1,1). However, assume M = 9%. The terminal adjustment of
Definition 6, p.14 for divisible goods yields:

1

/\():g gl()\(l)):% yllezl
/\(2) = % gg()\@)) = 4% Yo = T9 = 4
/\(3) = 2% 93()\(3)) = 2% Ys = T3 = 2
A =25 g(\Y) =25 45 =23

See also Example 7, p.16.
Now for Definition 9, p.24. For weighted gains, ¢;(G}, (z)) = wjz/(wy, +
-+ 4 wy,) for any z. So

T RERES
gV = (r,4%,21 21
q? —(Tl,rg,2i72i)
g = (ri,re,r3,21)

Formalize
proof



and y = ¢® agrees with the outcome of the terminal adjustment.

For unordered r keep the order because it will be clear that it does not
matter. Initially, Q® = N and ¢® as above. Consider k = 1 so BM = {1}
and QM) = {2,3,4} because only r; < ¢\”. Notice that 2 icQ ¢\” = M. So
g as before. For k = 2 compare qég,zl = (41,2%,23) to ra34 = (4,2,3) and
conclude that B® = {2,3}. So i, = 2 although i, = 3 would also have been
possible in case of a different order of r. Therefore, >=;con) ql-(l) = 8% which
is just an alternative computation of M — rq, from which r, is substracted.
Further, Q® = {3,4} so ¢ as indicated. Finally, for k = 3, compare qéﬁ =
(21,21) to r34 = (2,3) and conclude B® = {3}. From Yo ¢? =1
3

1
2
substract 73 and finish with y = ¢ as before.

For the discrete case, repeat Example 7, p.16, where r = (1,2,3) and
w = (2,3,4) or M = 5. Initially, ¢©) = (15,12,25). For k =1 process i; = 1
so QW = {2,3} and ¢V = (1, 1%, 2%) At this stage, the iteration would stop
for real-valued numbers so ¢ = 1. In this case, continue for k = 2 by letting
p2 = |12] = 1. Soy = ¢® = (ry, p2,3) as before. The step k = 3 can be

skipped because it just turns ps = q§2) = 3 into q§3) =3 =

5 Conclusion and Further Research

In conclusion, fixed-path allotment has been implemented as a “terminal
adjustment” (Definition 6, p.14) which in turn has been reworked to a case
of sequential allotment. So, fixed path allotment is replacement monotonous.
The terminal adjustment has been equipped with a floor function in the
discrete case. In that case, it no longer is a fixed-path allotment but it still
is a sequential allotment, so (Pareto) efficient (i.e. one-sided) and strategy-
proof, while also replacement monotonous, but not necessarily consistent or
resource monotonous anymore, as for the fixed-path allotment.

Suggestions for further research are: adapting fixed-path allotment to
handle the case that agents already possess the desired goods [15]; extending
it to vector-valued supply M and requirements r;, that is, for multiple types
of goods [1, 17]; or a mixture of divisible and indivisible [10]; generalizing
sequential allotment as a case of a multicriteria choice mechanism, that is, as
a generalized median voter scheme with a tie-breaking rule [16]; investigating
the relation between these allotments and a generalisation of the Kettele
algorithm which also handles a lexigraphic ordering [6]; research into lattices,
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as suggested by the appendix.

A Residuation Theory

First, here are some notions for a partially ordered set M. For a total ordering
(like in the main document) the maximum is the same as the greatest but
the distinction has been retained to bring out the structure of the ordering.
For x in M the principal ideal is (] :=={m € M | m < z} and [z) := {m €
M | m > x} is the principal filter [13]. As in [11] for T" a subset of M the set
of upper bounds of T is U(T) := {m € M |Vt € T : m > t} and the set of
its lower bounds is L(T) :={m € M |Vt € T : m < t}. So U(T) = Ner[t)
and so on. As in [7] the greatest of T' is the (unique) element G(7') so that
{GM}={ueT |VteT:u>t}and the smallest element of T is the
(unique) element S(7T) so that {S(T)} ={u e T |Vt € T : u < t}. These
definitions do not depend on M, that is, {G(M)} = U(M) and so forth.
The infimum of T is inf T := G(L(T)) and the supremum of T is supT :=
S(U(T)). So U(T) = [infT") etcetera. A function f is said to preserve the
supremum of a set V' if f(sup V') = sup f(V) where f(V) :={f(v) |[ve V}.
The mazimum of T is maxT :={t € T | Yu € T : uw > t implies u = t} and
minT :={t €T |VueT:u<timplies u=t}.

The following is from chapter 3 of [12] but much can be found in literature
about Galois connections, lattice theory, or universal algebra. Let P and @)
be partially ordered sets.

A map f : P — Q is monotone if p < m implies f(p) < f(n) for all p
and 7 in P, where ‘<’ is interpreted in P and () separately. The map f is
residuated if there exists a map ¢ : () — P so that

f(p) < ¢ if and only if p < g(q)

for all pin P and all ¢ in (). The maps f and g are said to form a residuated
pair.t

A characterization is as follows. The maps f and g form a residuated
pair if, and only if, both are monotone (that is, preserving, or reflecting,'*

the order) and p < g(f(p)) for all p in P as well as ¢ > f(g(q)) for all ¢ in Q.

19Tn [13][p.15] this condition reads f(p) > ¢ if and only if p > g(q) for the same order
relation as [12]. Note: for a Galois connection, the order on @ is interpreted as the reverse
order.

HThe word ‘reflect’ is not preferred because it can be misinterpreted as ‘reverse’.
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It turns out that any g of a residuated pair (f, g) is uniquely determined

by f. Therefore, g = f is said to be the residual on f. Its form is:

f=max{pe P| f(p) <q}

The maximum is unique because it is a supremum, see the proof of Lemma 3.3
n [12]. Conversely,'?

f(p) =min{g € Q | p < g(q)}

if g belongs to a residuated pair (f,g).

An additional condition!? is that the maximum is taken of a non-empty
set, that is, Vg € @ dp € P : f(p) < q. Abbreviate the range of f as
W := f(P). As is easily seen, this condition is equivalent to S(Q) exists
and S(Q) € W. Similarly, let V' := g(@). The condition for the minimum is
Vpe P3dge:p<g(q). Thatis, G(P) exists and G(P) € V.

Some important applications of this machinery are the following. The
restrictions f|y and gl are each other’s inverse and preserve order. Further,
in any residuated pair (f,g) the f preserves arbitrary existing suprema and
g preserves arbitrary existing infima. (Here, ‘arbitrary existing supremum’
means: supremum of any set, if the supremum exists.) If existence is guar-
anteed (that is, P and @ are complete lattices) then a function f: P — @
is residuated if, and only if, f preserves arbitrary suprema; conversely, a
function g : Q — P is the residual of some function if, and only if, g preserves
arbitrary infima.
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